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A B S T R A C T 
_________________________________________________________________ 
To characterise a transversal crack evolution in a cross-ply [0/90@V fibre reinforced composite laminate, the 
associated energy release rate (ERR) was calculated by means of the J-integral embedded into the Finite Element 
Method (FEM). The ERR values computed for the propagation of the transversal crack were correlated to the 
ones obtained by using the Virtual Crack Closure Technique (VCCT) embedded within the Boundary Element 
Method (BEM). In addition, the results were compared with analytical values. The results correlated well except 
when the crack length was approximately 80% of the ply thickness. In such case, ERR values showed some 
discrepancies between FEM and BEM. The reason stems from the fact that in the VCCT used not all components 
of the stresses are considered, resulting in smaller ERR values. In addition, the results proved that transversal 
cracks can influence each other only in a limited distance.  
 
1. Introduction  
Matrix cracks often appear prior to other damage modes in composite materials. It is well known that the fracture 
process starts at micro-level as soon as the laminate is subjected to loading. In cross ply fibre reinforced laminates 
subjected to unidirectional loading micro-cracks appear immediately in the 90q plies. Increasing the load can lead to 
their coalescence and formation of macro-transverse cracks [1],[2]. Propagation of transverse cracks toward the 
interface can lead to other failure modes such as delamination or fibre fracture [3]. To assess the integrity of the 
laminate, transversal cracks can be modelled; although this has proved challenging due to shortcomings such as 
gradual redistribution of stress during fracture and degradation of mechanical properties [4], [5].   
Characterizing the conditions which lead to failure of a composite laminate due to transversal cracks triggering 
delamination between laminae is a long-standing research topic [6], [7], [8], [9]. Studies on related engineering 
applications such as helicopter rotor blades prone to matrix cracking preceding fibre breaking [10], [11], cracking of 
large laminates used in wind turbines [12], damage created by hail ice impacts on leading-edge, control surfaces, 
engine nacelles, fan blades of aircrafts [13], and soft body impact [14] can be found in the literature. 0RGHOOLQJ
SURJUHVVLYHGDPDJH>@DQG>@DQGSUHGLFWLRQRIIUDFWXUHLQFRPSRVLWHODPLQDWHVZLWKGLIIHUHQWWHFKQLTXHVVXFK
DVH[WHQGHG)LQLWH(OHPHQW0HWKRG;)(0>@LVDQRWKHUDUHDRILQWHUHVWIRUREYLRXVFULWLFDO-VDIHW\UHDVRQV 
5HVHDUFKHUVKDYHDWWHPSWHGWRSUHGLFWGLIIHUHQWPRGHVRIIDLOXUHLQFRPSRVLWHPDWHULDOVE\XVLQJWKHHQHUJ\UHOHDVH
UDWH (55 DV D IUDFWXUH FULWHULRQ7KHPRGHVRI IDLOXUH LQFOXGH EXWQRW OLPLWHG WR FRPSUHVVLYH DQG LQWHU-ODPLQDU
VKHDU IDLOXUH LQ DHURVSDFH ODPLQDWHV >@ GHODPLQDWLRQ JURZWK GXH WR EXFNOLQJ >@ DQG LQWHU-SO\ FUDFNLQJ LQ
DGKHVLYH-ERQGHGDLUFUDIWFRPSRVLWHMRLQWV>@ 
7KHUH DUH VHYHUDO PHWKRGV XVHG IRU (55 HYDOXDWLRQ DQG FRPSUHKHQVLYH VWXG\ RQ WKHVH PHWKRGV FDQ EH IRXQG LQ
UHIHUHQFH>@;LHHWDO>@XVHG9&&7LQRUGHUWRFDOFXODWHWKH(55XVLQJILQLWHHOHPHQWPHWKRG6LPLODUO\=RXHW
DO>@LPSOHPHQWHG9&&7XVLQJWKHODPLQDWHWKHRU\LQVWHDGRIOLQHDUHODVWLFIUDFWXUHPHFKDQLFVWRH[SUHVVWKHHQHUJ\
UHOHDVHGLQWHUPVRIVWUHVV-MXPSVDQGUHODWLYHGLVSODFHPHQWVIRUPRGHV,,,DQG,,,7KLVDSSURDFKDOORZVLQGLYLGXDO
(55FDOFXODWLRQIRUGHODPLQDWLRQDQGWKHVLQJXODUVWUHVVDWWKHFUDFNWLSLVUHSUHVHQWHGLQWHUPVRIWKHVWUHVVUHVXOWDQW
MXPSVDFURVV WKHGHODPLQDWLRQ IURQW7KLVDSSURDFKFDQHOLPLQDWH WKHRVFLOODWLRQV LQ VWUHVVZKHQ LQFRUSRUDWHG LQD
ILQLWH HOHPHQW IUDPHZRUN >@  &RQYHUVHO\ 9&&7 ZLWK VROLG ILQLWH HOHPHQWV UHVXOWV LQ RVFLOODWRU\ VWUHVVHV DQG
GLVSODFHPHQWV LQ IURQW RI WKH FUDFN WLS ZKLFK PD\ FDXVH GLYHUJHQFH >@ 7KH XVH RI 9&&7 ZLWKLQ D ERXQGDU\
HOHPHQWIUDPHZRUN%(0LVGHHPHGPRUHDSSURSULDWHEHFDXVHWKHERXQGDULHVRIWKHSUREOHPDUHGLUHFWO\UHODWHGWR
WKHSUREOHPIHDWXUHVVXFKDVIUDFWXUHSDUDPHWHUV VHH3DUtVHWDO>@3DUtVDQGFR-ZRUNHUV>@FRQVLGHUHGGLIIHUHQW
FRQGLWLRQV HJ PRGHOV ZLWK DQG ZLWKRXW GHODPLQDWLRQ DQGFDOFXODWHG WKH (55 IRU GLIIHUHQW FUDFN OHQJWKV7KHLU
UHVXOWVZHUHLQJRRGDJUHHPHQWZLWKWKHDQDO\WLFDOUHVXOWVE\0F&DUWQH\>@ 
7KH--LQWHJUDODSSURDFKDVDPHDVXUHRIWKHHQHUJ\UHOHDVHUDWHDVVRFLDWHGZLWKFUDFNSURSDJDWLRQZKHUHE\DFULWHULRQ
FDQ EH LQWURGXFHG LQ WHUPV RI D ERXQGLQJ OLPLW YDOXH KDV EHHQ VWXGLHG LQ >@ >@ DPRQJ RWKHUV 2QH RI WKH
DGYDQWDJHVRIXVLQJ--LQWHJUDOLVWKDWXQGHUTXDVL-VWDWLFFRQGLWLRQVLWLVHTXDOWRWKHHQHUJ\UHOHDVHUDWH*IRUOLQHDU
HODVWLFPDWHULDOV)RUWZRGLPHQVLRQDOSUREOHPVLQDPL[HGIUDFWXUHPRGHPRGH,DQGPRGH,,ORDGLQJWKHUHODWLRQ
EHWZHHQVWUHVVLQWHQVLW\IDFWRUDQG--,QWHJUDOLV ܬ  ?ሺͳ  ? ߥଶሻܧ ሺܭூଶ  ? ܭூூଶሻ  
ZKHUH - GHQRWHV --LQWHJUDO DQG ., DQG .,, DUH WKH VWUHVV LQWHQVLW\ IDFWRUV FRUUHVSRQGLQJ WR PRGH , DQG PRGH ,,
IUDFWXUHUHVSHFWLYHO\(DQGYGHQRWHHODVWLFPRGXOXVDQG3RLVVRQ¶VUDWLRUHVSHFWLYHO\7KHGRPDLQLQWHJUDOPHWKRGLV
RIWHQLQWHJUDWHGLQFRPPHUFLDOSDFNDJHVHJ$EDTXVWRWDNHDGYDQWDJHRI--LQWHJUDOSDWKLQGHSHQGHQF\ 
,QWKLVSDSHUSDUDPHWULFVWXGLHVE\ILQLWHHOHPHQWDQDO\VLVZLWKGLIIHUHQWVSHFLPHQDQGFUDFNOHQJWKVDUHFRQGXFWHG
DQG FRPSDUHG ZLWK UHVXOWV E\ 9&&7-%(0 DQG DQDO\WLFDO PHDQV 5HVXOWV VKRZLQJ WKH VWUHVV GLVWULEXWLRQ LQ WKH
FRPSRVLWH ODPLQDWH DUH SURYLGHG IRU EHWWHU DVVHVVPHQW RI WKH VWUXFWXUDO LQWHJULW\ RI WKH FRPSRVLWH ,Q DGGLWLRQ
GLVFXVVLRQDERXWILQLWHHOHPHQWPRGHOOLQJIHDWXUHVIRU(55FDOFXODWLRQLVSUHVHQWHG 
2. Background: J-integral 
)LQLWHHOHPHQW--,QWHJUDOFDOFXODWLRQ 
- 5 5LFH LQ  >@ IRUPXODWHG (VKHOE\¶V >@ FRQWRXU LQWHJUDO IRU FUDFN SUREOHPV )RU DQ HGJH FUDFN LQ D
QRQOLQHDUHODVWLFERG\WKH--LQWHJUDOHTXDOVWKHUDWHRIFKDQJHZLWKUHVSHFWWRFUDFNJURZWKGDLQSRWHQWLDOHQHUJ\
8S ܬ  ?  ?݀ ௣ܷ݀ܽ    
 
%\GHILQLWLRQ--LQWHJUDO LVHTXDO WR(55 LI WKHPDWHULDO EHKDYLRXU LV OLQHDUDQGHODVWLF7KLVGHILQLWLRQ LVEHWZHHQ
*ULIILWK¶VPRGHORIIXOO\HODVWLFDQGWKDWRI,UZLQ¶VZLWKDVPDOOFUDFNWLSSODVWLFLW\>@)LJVKRZVWKHFRQWRXUī
VXUURXQGLQJFUDFNWLSVLQJXODULW\LQDVHPL-LQILQLWHWZRGLPHQVLRQDOERG\ 
 
Fig.1. Integration path around crack tip 
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The change in potential energy for infinitesimal crack extension is: 
 ?݀ ܷ௣݀ܽ  ? ௱௔՜଴ ͳ߂ܽ ቌ ?  ܶ?௜௰ ߂ݑ௜݀ݏ  ?  ? ߂ܹ݀ܣ஺ ቍ  
 
 
:KHUH߂ܽLVWKHFUDFNJURZWKDQG$LVWKHDUHDHQFRPSDVVHGE\WKHFRQWRXU:LVWKHHODVWLFVWUDLQHQHUJ\XLLVWKH
GLVSODFHPHQW  ܶ?LVWKHWUDFWLRQDQGGVLVDQLQILQLWHVLPDOO\VPDOOVHFWLRQRIFRQWRXUī 
$SSO\LQJWKH*UHHQ¶VWKHRUHPLWLVSRVVLEOHWRZULWH(TLQWKHIRUPRIDOLQHLQWHJUDO ܬ  ?  ?  ?ܹ݀ ݔଶ  ? ܶ?߲݅ ݑ ?߲݅ݔଵ ݀ݏ ?௰  
 
with 
  ܶ?௜  ? ߪ௜௝ ௝݊ 
 
(4) 
 
 
 
 
(5) 
nj is the normal vector to the integration path and ı LVWKHVWUHVVFRPSRQHQWRQī7he density of energy is expressed 
as: 
ܹ  ? ሺܹݔǡ ݕሻ  ? ሺܹߝሻ  ?  ? ߪ௜௝݀ߝ௜௝ఌ೗ೖ଴   
)RUOLQHDUHODVWLFPDWHULDOHODVWLFVWUDLQHQHUJ\LVUHODWHGWRVWUHVVDQGVWUDLQDV ܹ  ? ߪ௜௝ߝ௜௝Ȁʹ (7) 
7KHPDWHULDOZLWKLQWKHFRQWRXULQWHJUDOLVDVVXPHGKRPRJHQHRXVDQGWKHSURFHVVLVWLPHLQGHSHQGHQW/LQHLQWHJUDOV
KDYH GLIILFXOW\ RI LPSOHPHQWDWLRQ LQ )( DQG GRPDLQ LQWHJUDOV DUH SUHIHUUHG >@ XQOLNH 9&&7 ZKLFK XVHV QRGDO
YDOXHVIRU(55FDOFXODWLRQ/LHWDO>@VKRZHGWKDWOLQHLQWHJUDOFDQEHWUDQVIRUPHGLQWRDQHTXLYDOHQWDUHDLQWHJUDO
DVVKRZQLQ)LJ 
 
Fig.2. Domain definition for area integral 
For linear elastic materials Atkinson and Eshelby [30] proposed the domain integral expressed as follows,  
  ? ୻՜଴  ? ?Ɂଵ୧  ? ɐ୧୨୨ǡଵ ?୻ ୧  (8) 
7KHSURFHVV LV DVVXPHG LVRWKHUPDO DQG ERG\ IRUFHV DUH QHJOHFWHG Q LV WKH XQLW YHFWRU QRUPDO WR ī DQG įL LV WKH
.URQHFNHUGHOWD7KLVIRUPXODFDQEHUHZULWWHQLQWKHIRUP 
ܬ  ?  ? ?ߪ௜௝ݑଵ௝  ? ܹߜଵ௜ ?஼ ݉௜ݍଵ݀ݏ  ?  ? ߪଶ௝ݑ௝ǡଵ݉ଶݍଵ݀ݏ஼శା஼ష   
&LVWKHFORVHGFXUYH& &&&--īDQGTLVDVPRRWKIXQFWLRQLQ&GRPDLQZKLFKLVXQLW\RQīDQGRQ&P 
DQGP RQWKHFUDFNVXUIDFHVDQGPM -QMRQī7KHVHFRQGLQWHJUDOYDQLVKHVEHFDXVHRIWUDFWLRQIUHHVXUIDFHVRI
WKHFUDFN%\DSSO\LQJWKHGLYHUJHQFHWKHRUHPWRWKHFORVHFRQWRXU 
ܬ  ?  ? ? ?ߪ௜௝ݑ௝ǡଵ  ?ܹߜଵ௜ ?ݍ௜ ?ǡ௜஺ ݀ܣ   
$LVWKHDUHDHQFORVHGE\&7RLPSOHPHQWWKLVLQWHJUDWLRQZLWKLQWKH)(06KLKHWDO>@IRUPXODWHGWKHGLVFUHWL]HG
IRUPRI(TE\PHDQVRI*DXVVLDQLQWHJUDWLRQ 
ܬ  ?  ?  ? ቈቆߪ ௜௝ ߲ݑ௝߲ݔଵ  ?ܹߜଵ௜ቇ ߲ݍଵ߲ݔ௜ ݀݁ݐ߲ݔ௞߲ߟ௞቉௣ݓ௣଼௣ୀଵ௘௟௘௠௘௡௧௦၊    
Where ݍଵ  ?  ? ூܰ ଵܳூସூୀଵ  (12) 
)RUDTXDGULODWHUDOHOHPHQW1,DUHWKHVKDSHIXQFWLRQDQG4,LVWKHQRGDOYDOXHIRU,WKQRGH4,LV]HURRQ&DQG
RQī8VLQJWKHFKDLQUXOHZHKDYH డ௤భడ௫ೕ  ?σ σ డே಺డఎೖ డఎೖడ௫ೕ ܳଵூଶ௞ୀଵସூୀଵ   (13) 
where డఎೖడ௫ೕ  is the inverse Jacobean matrix of transformations: ݔ௜  ?σ ௄ܰ ௜ܺ௞ସ௄ୀଵ ǡ ݑ௜  ?σ ௄ܰ ௜ܷ௞ସ௄ୀଵ , i=1,2 (14) 
Nk are the shape functions. 
 
3. Modelling of Transverse Crack in [0/90]s laminate 
$VFKHPDWLFYLHZRIWKHWHVWHGODPLQDWHFRPSRVLWHHexPly8552 LVVKRZQLQ)LJ7KHWKLFNQHVVRIHDFKODPLQDLV
PPZLWKDGHILQLQJWKHFUDFNOHQJWK/LVWKHGLVWDQFHEHWZHHQWZRWUDQVYHUVDOFUDFNV7KHLQWHUIDFHEHWZHHQ
WKH WZR SOLHV LV PRGHOOHG ZLWKRXW SRWHQWLDO GLVFRQWLQXLW\ DQG WKHUHIRUH WKHUH LV QR SRVVLELOLW\ RI UHSOLFDWLQJ
GHODPLQDWLRQDWWKLVWLPH 
:KHQ WKH >@V ODPLQDH LV XQGHU XQLD[LDO ORDGLQJ WUDQVYHUVDO FUDFNV DSSHDU RQ WKH  SO\ DQG WKHQ SURJUHVV
WRZDUGVWKHLQWHUIDFHZLWKWKHSO\)XUWKHUGHWDLOVRIWKLVFDQEHIRXQGLQWKHZRUNVE\'YRUDNDQG/DZV>@DQG
:DQJ>@$VWKHFUDFNLVDVVXPHGWREHWKURXJKWKHZLGWK>@$WZRGLPHQVLRQDOPRGHOLVMXVWLILHGIRUDQDO\VLV 
      
Fig. 3. Transverse crack in [0/90]s laminate 
The properties for the laminate used are extracted from Hexcel datasheets  [33]. This toughened epoxy resin system 
is made of unidirectional glass fibres. It is used in aerospace structures present in commercial airplanes, helicopters 
and jet engine parts. 
 
Table1. Material properties for Hexeply8552. All the values for E and G are in GPa. E11 represents fibre direction elastic module. 
E11 E22 E33 G12 G23 G13 Ȟ12 Ȟ13 Ȟ23 
141.3 9.85 9.58 5 3.5 5 0.3 0.3 0.32 
 
7KHILEUHWHQVLOHVWUHQJWKLV03D7KHWUDQVYHUVDO±UHVLQ-VWUHQJWKLV03D7KHODPLQDWHWKLFNQHVVLVPXFK
VPDOOHUWKDQWKHRWKHUWZRGLPHQVLRQVLHZLGWKDQGOHQJWK7KHUHIRUHWKHVWUDLQLQSHUSHQGLFXODUGLUHFWLRQFDQEH
QHJOHFWHGDQGKHQFHDSODQHVWUDLQVWDWHFDQEHDVVXPHG 
0F&DUWQH\SURSRVHGWKH(55DQDO\WLFDOVROXWLRQIRUWKH>@VODPLQDH+LVFDOFXODWLRQLVEDVHGRQWKH*LEEVIUHH
HQHUJ\>@ ο
  ?ͳʹ  ? ߪ௜௝ߝ௜௝ܸ݀  ?ͳʹ ܮ݄௏ ߪߝ (15) 
%\VXEVWLWXWLQJɂ ɐȀUHQGHUVWKDW οܩ  ?ͳʹ ܮ݄ ቆߪଶܧ ቇ  
7KH(55LVFDOFXODWHGDVWKHLQILQLWHVLPDOYDULDWLRQRI*UHVSHFWWRWKHFUDFNSURSDJDWLRQD ܧܴܴ  ?ଵଶ ܮ݄ డడ௔ ቀఙమா ቁ     
,Q0F&DUWQH\¶VVROXWLRQı(DQGİDUHD[LDOFRPSRQHQWVRIVWUHVV<RXQJ¶VPRGXOXVDQGVWUDLQLQWKHILUVWSULQFLSDO
GLUHFWLRQUHVSHFWLYHO\,QWKLVFDVHWKHSULQFLSDOGLUHFWLRQLVGHQRWHGDV\-GLUHFWLRQ3DUtVHWDO>@FDOFXODWH(55E\
PHDQVRI9&&7-%(09&&7FDOFXODWHVWKH(55E\PXOWLSO\LQJWKHGLVSODFHPHQWRIFUDFNIDFHQRGHVE\WKHIRUFH
UHTXLUHGIRUFUDFNFORVXUHDWHDFKQRGH>@7KHLQWHUHVWHGUHDGHULVUHIHUUHGWRUHIHUHQFH>@IRUIXUWKHUGHWDLOV 
4. 2D Cross-ply Laminate Model 
7KHFURVVVHFWLRQRI WKHODPLQDWH LVPRGHOOHGDVWZRVHFWLRQVZLWKVHSDUDWHPDWHULDOGHILQLWLRQ1RDGKHVLYH OD\HU
H[LVWVDW WKH LQWHUIDFH7KHPRGHO UHSUHVHQWVKDOIRI WKH VSHFLPHQ LQERWKYHUWLFDODQGKRUL]RQWDOGLUHFWLRQV ZKHUH
y 
z x 
2h 
V\PPHWULFERXQGDU\FRQGLWLRQVFDQDSSO\,QWKLVFDVHRQO\RQHVXUIDFHRIWKHFUDFNLVGUDZQ)LJ7KHDQDO\VLVLV
TXDVLVWDWLFDQG$EDTXVVWDQGDUGVROYHULVXVHG 
  
Fig.4. Boundary conditions and crack illustration. 
 
,QRUGHUWRHYDOXDWHWKHUHVXOWVWKHZRUNE\%Oi]TXH]HWDO>@XVLQJ9&&7-%(0DQGWKHZRUNE\0F&DUWQH\>@
XVLQJDQDO\WLFDOPHWKRGVDUHXVHGIRUFRPSDULVRQ)RXUFRQWRXUVZHUHXVHGLQWKHWHVWWRFKHFNWKHFRQVLVWHQF\RIWKH
UHVXOWV $V WKH PRGHO GLPHQVLRQ UHODWLYHO\ ODUJH LQ WR ] GLUHFWLRQ SODLQ VWUDLQ HOHPHQW LV XVHG )XUWKHUPRUH LW LV
QHFHVVDU\ WR GHILQH WKH PHVK VXFK WKDW WKH FRQWRXU GRHV QRW RYHUODS WKH DGMDFHQW SO\ DQG WR UHPDLQ QHDWO\
KRPRJHQHRXV7KHFUDFNOHQJWKZDVYDULHGEHWZHHQDQGPPZKLFKLVSOLHVWKLFNQHVVDWPPLQWHUYDOV
VPDOOHULQWHUYDOVZHUHXVHGQHDUWKHLQWHUIDFHDVWKHPHVKKDGWREHUHILQHG)RXUGLIIHUHQWPRGHOOHQJWKV/ZHUH
WULHGPPPPPPDQGPP 
 
5HVXOWVDQG'LVFXVVLRQ 
(55IRU'LIIHUHQW&UDFN/HQJWKV 
)LJVKRZVWKH(55FDOFXODWHGIRU/ PPIURPWKUHHGLIIHUHQWPHWKRGV)(0WKHRUHWLFDODQG%/0--LQWHJUDO
YDOXHVDUHVOLJKWO\KLJKHUWKDQWKRVHRI%(0DQGDQDO\WLFDOVROXWLRQV)(VROYHUFRQVLGHUVWUDQVYHUVHVWUHVVHVZKLFK
DUH QRW FRQVLGHUHG LQ 9&&7 7KHUHIRUH J KLJKHU YDOXH RI (55 LV DFKLHYHG 7KH PD[LPXP YDOXH LV REVHUYHG
DSSUR[LPDWHO\DWD PP7KHRUHWLFDOO\WKHFUDFNSURJUHVVHVLI(55LVEH\RQGWKHFULWLFDOYDOXH*F 
 
 
Fig.5. ERR for L=2 mm. The crack will extend unstably after a = 0.1 mm 
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)RU +H[SO\ *F LV HTXDO WR  .-P IRU PRGH RQH FUDFN RSHQLQJ >@ )RU WKLV ORDG VHWWLQJ *F LV DWWDLQHG
DSSUR[LPDWHO\D PP:KHQWKLVYDOXHLVUHDFKHGWKHFUDFNH[WHQGVXQWLOVRPHZKHUHEHWZHHQWKHPD[LPXP(55
DQGWKHLQWHUIDFHZKHUH(55EHFRPHV]HUR>@7KHRUHWLFDOO\EHFDXVHWKH(55GHFUHDVHVWRYHU\VPDOODPRXQWQHDU
WKH LQWHUIDFH WKHFUDFNPXVWVWRS MXVWEHIRUHUHDFKLQJ WKHqSO\ ,Q WKH VWUHVVDQDO\VLV LW LVFOHDUO\YLVLEOH WKDW IRU
FUDFNV VR FORVH WR WKH LQWHUIDFH WKH QRUPDO WHQVLRQ DW WKH LQWHUIDFH LV PXFK ODUJHU WKDQ WKH PDWHULDO VWUHQJWK DQG
GHODPLQDWLRQPLJKWKDSSHQSULRUWRWKHFUDFNUHDFKLQJWKHLQWHUIDFH 
5.2 Transverse Crack Separation Length  
)LJVKRZVWKHYDULDWLRQRI--LQWHJUDODWVLPLODUVWUDLQIRUGLIIHUHQWPRGHOOHQJWKV/ PPPPPPDQG
PP$W/ PPZKLFKLVWZLFHDVODUJHDVWKHPRGHOWKLFNQHVVWKHQHLJKERXULQJFUDFNVGRQRWKDYHLQIOXHQFHRQ
HDFK RWKHU DQG ODUJHU VSHFLPHQV KDYH WKH VDPH (55 FXUYH )LJ7KLV PHDQV WKDW WKH FUDFN H[LVWHQFH GRHV QRW
DIIHFWWKHVWUHVVGLVWULEXWLRQRQGLVWDQFHVWZLFHDVODUJHDVWKHPRGHOV¶WKLFNQHVV 
 
Fig.6. Comparison of ERR for different specimen length. If L greater than 2mm, the ERR for different lengths have small difference 
There is a specific pattern for transverse cracks in composite materials which is related to the geometry and material 
that also constrains the number of cracks that can develop in the matrix. This limit is known as upper limit or 
³VDWXUDWLRQ VWDWH´ [3] which can be related to the separation length. The stress releases because of the crack 
occurrence can only influence within certain distance. 
5.3 Effect of mesh size and contour path 
$%$486XVHVWKHFRQWRXULQWHJUDOPHWKRGWRFDOFXODWH--LQWHJUDOV,WDXWRPDWLFDOO\VHOHFWVDQRGHDWWKHFUDFNWLSIRU
WKHLQQHUFRQWRXUDQGWKHRXWHUFRQWRXUVWKDWSDVVWKURXJKDGMDFHQWQRGHV7KHFRQWRXUVKRXOGEHFRQILQHGZLWKLQWKH
KRPRJHQHRXVDUHD)LJGHSLFWVGLVWLQFWFRQWRXU 0HVKVL]HDQDO\VLVVKRZHGWKDWIRUPHVKVL]HVDVODUJHDV
PP WR YHU\ VPDOO PHVK VL]HV PHVK VL]H PP FRQYHUJHQFH LV DWWDLQDEOH ,W DOVR VKRZHG LQGHSHQGHQFH RI --
LQWHJUDOVWRPHVKVL]H 
 
Fig.7. Contours around crack tip singularity in ABAQUS.  
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7KH ILUVW FRQWRXU VKRZV VOLJKWO\ KLJKHU YDOXH FRPSDUHG WR WKH ODUJHU FRQWRXUV 1R PDWWHU ZKDW WKH PHVK VL]H LV
)LJ$%$486KHOSVXJJHVWVPHVKUHILQHPHQWIRUDFFXUDWHUHVXOWVDQGQHJOHFWLQJWKHILUVWWZRFRQWRXURXWFRPHV
7KHDSSUR[LPDWLRQRI)($VOLJKWO\DIIHFWVWKHUHVXOWVRI--LQWHJUDOVEXWLWPXVWEHQRWHGWKDWPHVKUHILQHPHQWVKRXOG
QRWEHUHODWHGWRFRQWRXULQWHJUDODFFXUDF\)RUWKHILUVWFRQWRXUWKHHUURUVWHPIURPFUDFNWLSVLQJXODULW\GHILQLWLRQ
7KLVPHDQVPHVKUHILQHPHQWGRHVQRWLQFUHDVHWKH--,QWHJUDODFFXUDF\DQ\ZD\7KLVZDVDOVRDUJXHGE\%URFNVDQG
6FKHLGHU>@ 
$%$486FDQXVHTXDUWHU-QRGHHOHPHQWWRFUHDWHU-VLQJXODULW\DWFUDFNWLSE\VKLIWLQJWKHPLGQRGHRITXDGULODWHUDO
HOHPHQWWRZDUGWKHVLQJXODULW\)LJ%DUVRXP>@SURSRVHGWKLVPHWKRGIRUHODVWLFDQGSODVWLFFUDFNWLSUHJLRQEXW
&DUNDDQG/DQGLV>@VXJJHVWHGLWLVPRUHVXLWDEOHIRUOLQHDUHODVWLFPDWHULDO 
 
 
Fig.8. Quarter-point element technique shifts mid-node in 8 node quadrilateral element toward the crack tip to model singularity 
7KHVWUHVVGLVWULEXWLRQFORVHWRWKHVLQJXODULW\LVVWURQJO\GHSHQGDQWRQWKHGLVWDQFHEHWZHHQWKHVLQJXODULW\DQGWKH
PLG-HOHPHQWQRGH,QRUGHUWRFODULI\WKHHIIHFWRITXDUWHU-SRLQWHOHPHQWRQWKH--LQWHJUDOVDWHVWZDVUXQE\FKDQJLQJ
WKHSRVLWLRQRIPLG-HOHPHQWQRGHDORQJHOHPHQWVLGH7KHUHVXOWVVKRZWKDWWKHRSWLPXPSRVLWLRQIRUWKHVKLIWHGQRGH
LVDURXQGRIWKHHOHPHQWVLGHOHQJWK)LJ 
7KLVPLJKWDOVRVKRZWKDWWKLVGLVWDQFHJLYHVPRUHDFFXUDWHVWUHVVGLVWULEXWLRQIRUVLQJXODULW\ DVLWSURGXFHGFORVHU
UHVXOWVIRUWKH--LQWHJUDO 
 
Fig.9. First contour integral result is ruled by the position of mid-node. lqp is the mid-node distance to singularity and le is the length of the element. 
5.4 Stress Distribution  
:KHQWKHFUDFNSURJUHVVHVWRZDUGWKHLQWHUIDFHWKHQRUPDOVWUHVVDQGVKHDUVWUHVVDUHFKDQJHGVLJQLILFDQWO\DQGFDQ
WULJJHU RWKHU IRUPV RI IDLOXUH LQFOXGLQJ GHODPLQDWLRQ )LJVD DQG E VKRZ WKH FKDQJH LQ QRUPDO VWUHVV DW WKH
LQWHUIDFHDVWKHFUDFNWLSJHWVFORVHU7KHFUDFNWLSH[HUWVODUJHWHQVLOHIRUFHRQWKHLQWHUIDFHDKHDGRIWKHFUDFN 
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Fig.10. (a) Normal stress distribution along the interface for L=2mm and crack very close to the interface (b) Zoom in normal stress close to the crack tip area 
along interface for L=2mm and the crack near the interface 
 
(a) (b) (c) 
 
(d)  (e)   (f) 
Figure 11 (a) Strain in transverse direction (zoomed) (b) Strain in loading direction (zoomed) (c) von Mises stress (zoomed) (d) Maximum in-plane principal 
strain (e) Stress in normal direction to loading and (f) Stress in loading direction for L=2 mm and a=0.5mm 
 
7KHQRUPDOVWUHVVKDVDVXGGHQLQFUHDVHZKHQWKHFUDFNLVDERXWWRUHDFKWKHLQWHUIDFHDQGSXVKHVQRUPDOVWUHVVWR
DERYHWKH\LHOGVWUHQJWKRIWKHUHVLQDSSUR[LPDWHO\03D&RQFXUUHQWO\WKHQRUPDOVWUHVVGHFUHDVHVPRYLQJDZD\
IURP\ D[LVDQGEHWZHHQPPDQGPPLWLVPRVWO\FRPSUHVVLYHIRUFHDWWKHLQWHUIDFH)RUFUDFNVWKLVFORVHWR
WKH LQWHUIDFH WKH VSHFLPHQ LV H[SHULHQFLQJ ODUJH VWUHVVHV EXW WKH --LQWHJUDO GRHV QRW SUHGLFW FUDFN SURSDJDWLRQ
)LJSURYLGHVVWUHVVDQGVWUDLQFRQWRXUVDVZHOODVYRQ0LVHVVWUHVVIRUD PP 
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)RUVKHDUVWUHVV)LJWKHUHLVDQDOWHUDWLRQRIGLUHFWLRQDWGLVWDQFHVFORVHWR\  )RUD PP)LJ WKH
VKHDUVWUHVVLVQRW]HURDW\ -XQOLNHRWKHUFUDFNOHQJWKV-EHFDXVHRIWKHVLQJXODULW\GHILQLWLRQ 
$VWKHWHQVLOHVWUHVVLVIDUJUHDWHUWKDQWKHVWUHQJWKRIUHVLQDWWKHLQWHUIDFHLWLVQRWUHDOLVWLFWRFRQVLGHUDWUDQVYHUVH
FUDFN ZLWKRXW DGGUHVVLQJ GHODPLQDWLRQ 3DUtV HW DO LQYHVWLJDWHG (55 IRU WUDQVYHUVH FUDFN ZKHQ WKHUH LV D
GHODPLQDWLRQDQGWKHUHVXOWVVKRZHGWKDWWKH(55LVWKHVDPHIRUPRVWRIWKHFUDFNOHQJWKVIRUFDVHVZKHQWKHFUDFN
WLSLVIXUWKHUWKDQPPIURPWKHLQWHUIDFH>@$OVRLQDQH[SHULPHQWDOVWXG\3DUtVHWDOYHULILHGWKHLUUHVXOWVRQWKH
WUDQVYHUVHFUDFNDUUHVWLQJMXVWEHIRUHUHDFKLQJWKHLQWHUIDFHDQGWKHHIIHFWRIVXFKFUDFNVRQGHODPLQDWLRQ>@ 
 
Fig.12. Shear stress at interface 
 
 
 
6. Conclusion 
(55LVDNH\IDFWRULQIUDFWXUHDQDO\VLVDQGWKHUHIRUHWKHUHLVDJHQXLQHLQWHUHVWE\HQJLQHHUVLQGHYHORSLQJDFFXUDWH
WRROVIRULWVHYDOXDWLRQ7KHSUHVHQWVWXG\KDVFRPSDUHGWKUHHGLIIHUHQWPHWKRGRORJLHVIRUWKHFDOFXODWLRQRIWKH(55
DVVRFLDWHGWRWUDQVYHUVDOFUDFNLQD>@VODPLQDWH7KRVHDUH 
- 7KH--LQWHJUDOHPEHGGHGLQWR)(0 
- 7KH9&&7HPEHGGHGZLWKLQ%(0DQG 
- $QDO\WLFDOPHDQV 
7KHIROORZLQJUHPDUNVFDQEHKLJKOLJKWHG 
x (55 YDOXHV ZHUH ZHOO-FRUUHODWHG E\ DOO WKUHH PHWKRGRORJLHV H[FHSW ZKHQ WKH FUDFN OHQJWK ZDV
DSSUR[LPDWHO\RIWKHSO\WKLFNQHVVLHWRDGLVWDQFHRIWKHLQWHUIDFHEHWZHHQGLVWLQFWSOLHV9&&7
QHJOHFWVWKHWUDQVYHUVDOVWUHVVLQWKLVLPSOHPHQWDWLRQRI%(0DQGDOVRWKHDQDO\WLFDOH[SUHVVLRQWKDWLVWKH
SRVVLEOH UHDVRQ IRU VPDOOHU YDOXH RI (55 7KHUHIRUH LW UHVXOWV LQ D FHUWDLQ GLIIHUHQFH RQO\ DW WKH
DIRUHPHQWLRQHGGLVWDQFHLQZKLFKWKDWQHJOHFWHGFRPSRQHQWLVVLJQLILFDQW 
 
x 1RPHVKGHSHQGHQFHZDVREVHUYHGZLWKWKH)(0IRUWKHFDOFXODWLRQRIWKH--LQWHJUDODOWKRXJKWKHQXPEHU
RIFRQWRXUVXVHGFDQHIIHFWDWVRPHSRLQW 
 
x 7KH HIIHFW RI GLVSODFLQJ WKH PLG-HOHPHQW QRGH ZDV LQYHVWLJDWHG LQ WKLV ZRUN ,W ZDV VKRZHG WKDW WKH
LQDFFXUDF\RIWKH--LQWHJUDOILUVWFRQWRXULVGXHWRWKHGHILQLWLRQRIWKHVLQJXODULW\7KHILUVWFRQWRXUSURYLGHG
WKHFORVHVWUHVXOWZKHQWKHPLGQRGHLVSODFHGDWóHOHPHQWOHQJWKIURPWKHVLQJXODUSRLQW 
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x 7KH VWUHVV GLVWULEXWLRQ DW WKH LQWHUIDFH ZDV DOVR SUHVHQWHG ,W ZDV REVHUYHG WKDW WKH VWUHVV UHDFKHV WKH
PD[LPXPDOORZDEOH DW WKH LQWHUIDFHEHWZHHQGLVWLQFWSOLHVZKHQ WKH WUDQVYHUVHFUDFN LV YHU\ FORVH WR WKH
LQWHUIDFH 
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